We propose a method to determine the quantum numbers, which we call the rigged configurations, for the solutions to the Bethe ansatz equations for the spin-1/2 isotropic Heisenberg model under the periodic boundary condition. Our method is based on the observation that the sums of Bethe's quantum numbers within each string behave particularly nicely. We confirm our procedure for all solutions for length 12 chain (totally 923 solutions).
Introduction
Bethe's seminal solution to the isotropic Heisenberg model under the periodic boundary condition [B] in 1931 is one of the prototypical theories on the quantum integrable systems. Basic procedure of the algebraic Bethe ansatz is as follows (see, e.g., [F, KBI] ). First, we solve the set of algebraic equations called the Bethe ansatz equations (see equation (12) in the main text). Next, by using the solutions to the Bethe ansatz equations, we construct eigenstates of the Hamiltonian (see equation (11)). The main problem which we will consider in the present paper is to show that the whole procedure involved in the Bethe ansatz method is mathematically well-defined. We pursue the problem in the same setting as was treated by Bethe.
For a long time it has been observed that there are several subtle points about the procedure. One of such obstructions is the problem called the singular solutions (see equation (13)). Recently we have much progress on this issue (see [AV, BMSZ, NW, HNS, KS14a, KS14b] ) and now we attain fairly good understanding of the problem. However, the very structure of the solutions to the Bethe ansatz equations itself still remains in rather foggy situation.
In the analysis of the solutions to the Bethe ansatz equations, it has been customary to assume that roots of the solutions take a particular form called the strings. This idea was already apparent in the original Bethe's paper. However, as we will explain shortly after, the notion "string" has rather elusive nature and for a long time it has been a difficult problem to understand how to utilize the string structure in a proper manner. One of the well-known attempts on this problem is Takahashi's theory [T] . Let us explain in more detail. Let N be the length of the spin chain and let ℓ be the number of down spins. Then a main assumption in the derivation of Takahashi's quantum number is to suppose that the strings take exactly the following form: 1 a + bi, a + (b − 1)i, a + (b − 2)i, . . . , a − bi, (a ∈ R, b ∈ Z ≥0 /2).
However, when ℓ ≥ 3, the assumption (1) has serious difficulty. Indeed, as we can easily see in examples, the real part a as well as the intervals between successive roots are not unique if the lengths of the strings are larger than 2. As the result, Takahashi's quantum numbers are not uniquely defined and also they are not half-integers. In a previous paper [S15] , we proposed to seek an alternative to Takahashi's quantum numbers. In particular, in that paper we showed that the correct quantum number for the exceptional real solution [EKS] is different from the one derived by Takahashi's quantum numbers.
In the present paper, as a continuation of a previous work [S15] , we propose a method to assign quantum numbers to strings of roots. For this purpose, we start from the so-called Bethe's quantum numbers (see Section 3). Here, roughly speaking, Bethe's quantum numbers appear as phase factors after taking logarithm of the Bethe ansatz equations. By definition, Bethe's quantum numbers are uniquely defined and exactly integers or half-integers. Then our basic observation is that the sum of Bethe's quantum numbers associated with all roots of a given string behaves in a particularly simple manner. This is a remarkable property since individual Bethe's quantum numbers behave in a rather complicated way. Based on this observation we propose a method to determine complete set of the quantum numbers, which we call the rigged configurations, from Bethe's quantum numbers. We confirmed these observations for all solutions of N = 12 case by using the numerical data given in [GD, HNS] .
As we noted previously, we do not have thorough understanding of the string pattern which appear in the solutions to the Bethe ansatz equations. However, our main aim in the present paper is to propose a method which could be made mathematically rigorous once we obtain sound understanding of the string structure. Our expectation relies on the fact that Bethe's numbers are uniquely defined and exactly half-integers.
To our best knowledge, Bethe's quantum numbers had been introduced and studied in the original paper by Bethe [B] , formulas (37a) and (37b), and has been studied more recently in [LR] in their study of the set of real solutions to the Bethe ansatz equations for ℓ = 2, and in [HC] concerning the deviation of solutions to the Bethe ansatz equations from having exact string structure with numerical evidence for N = 10.
The outline of the present paper is as follows. In Section 2, we provide necessary facts about the Bethe ansatz method and the rigged configurations. In Section 3 we collect necessary facts about Bethe's quantum numbers. In Section 4 we provide the main algorithm. We provide examples in Section 5. Finally we conclude in Section 6. Besides the main article, there are supplementary tables (see remarks after Conjecture 3). 
Algebraic Bethe ansatz
In this section we briefly overview some basic facts concerning the spin-1/2 isotropic Heisenberg model, also known as the XXX model. The space of states of the spin-1/2 XXX chain of length N is the complex space C 2 N , which one can identify with the tensor product of N copies of C 2 , namely
The Hamiltonian describing the interaction of particles has the form
where we assume σ a N +1 = σ a 1 , a ∈ {x, y, z}, and
stand for the Pauli matrices, and
Let us introduce the vectors
and the global vacuum (ground state) as
Let us consider the local transfer matrix 
Recall that the local transfer matrices satisfy the relation
where R satisfies the quantum Yang-Baxter equation
The quantum Yang-Baxter equation ( 
is an eigenstates of the Hamiltonian H N if and only if the parameters λ 1 , . . . , λ ℓ satisfy the following system of algebraic equations, known as the Bethe ansatz equations (BAE(ℓ) for short)
We are interested in the so-called physical solutions to BAE(ℓ). The set of physical solutions is divided into the regular solutions, that is, the solutions (λ 1 , . . . , λ ℓ ) which do not contain a pair (λ α , λ β ) = (
), and the set of physical singular solutions of the form
In the case of the regular solutions, one has
However for singular solutions, the energy E λ 1 ,...,λ ℓ is not defined. It was suggested to "resolve" singularity of E λ 1 ,...,λ ℓ by using a deformed form of singular solutions, namely,
and consider the limit
It was conjecture by [NW] , that Ψ λ = 0 if and only if
and c = 2i
We call the singular solutions which satisfy the condition (17) the physical singular solution. The corresponding energy is [KS14b]
It is also conjectured [HNS] that the set of physical singular and regular solutions to BAE(ℓ) exhausts the set of all physical solutions to BAE(ℓ).
Finally, let us define the rigged configurations. The rigged configurations (ν, I) are comprised of a partition ν = (ν 1 , . . . , ν l ), called the configuration, and a sequence of non-negative integers I j , called the riggings, satisfying the following condition. Define the vacancy number P k (ν) by the following formula
where ν ′ j represent components of the transposed partition ν ′ . If we regard the rigged configuration as the set of pairs (ν, I) = {(ν 1 , I 1 ), . . . , (ν l , I l )}, then the riggings must satisfy
for all j = 1, . . . , l. We note that in the rigged configuration theory, the order of the riggings associated with rows of the configuration ν with the same length is not essential. Therefore if we have the subset {(ν k , I k,1 ), . . . , (ν k , I k,m )} within (ν, I), we assume that I k,1 ≤ · · · ≤ I k,m to erase ambiguity. In our earlier paper [KS14a] we conjectured that there is a one to one correspondence between the set of physical solutions to BAE(ℓ) and the set of the rigged configurations (ν, I) where the Young diagrams representing the partitions ν have ℓ cells. Let us define the flip operator on the set of physical solutions to BAE(ℓ) as follows
Then another conjecture in [KS14a] states that the corresponding rigged configuration are connected by the following operation on the rigged configuration (ν, I). Namely, we replace each element (ν j , I j ) by (ν j , P ν j (ν) − I j ) and reorder the riggings if necessary. This property is useful in the following discussion.
Bethe's quantum numbers
In what follows, we use function Arctan(z), defined as an analytic continuation of the function arctan(x) (x ∈ R, arctan(0) = 0) to all complex plane with branch cuts (i, +i∞) and (−i, −i∞) along with the imaginary axis. For example, Arctan(xi) = i arctanh(x) and Arctan(−xi) = −i arctanh(x) for x > 1. If we go across the branch cuts, we have
Arctan(−xi + ǫ) = −π for x > 1 and ǫ > 0. We use the following formula
We verify the formula as follows. We see that the differentiations of the both sides give
. In order to determine the remaining constant, we compare the values of the both sides at z = 0 as follows;
2i Arctan(0) = 0.
Regular case
First let us consider a regular solution. By using the formula (22), we take the logarithm of the Bethe ansatz equations (12);
By the Bethe ansatz equations, this should coincide with log(1) = 2mπi for m ∈ Z. Writing 2J k = 2n − 2m − N + ℓ − 1, we obtain
We call the half integers J k the Bethe's quantum numbers.
Here we describe the basic property of the Bethe's quantum numbers in relation with the multiplication by (−1). Proposition 1. Suppose that we have the following two solutions of the Bethe ansatz equations
Let J α (resp. J α ) be the Bethe's quantum number corresponding to λ α (resp. λ α ). Then we have
Proof. Since Arctan(−z) = − Arctan(z), we obtain the result by (23).
Singular solutions case
Now let us consider the singular solution (13) when N is even. The computation for J k (k ≥ 3) is same with the previous case. For the computations of J 1 and J 2 , we should be reminded that the function Arctan(z) has the logarithmic singularities at z = ±i. Recall that we assume ǫ ∈ R in (15). We introduce the deformation of singular solutions
where r ∈ R >0 and study the limits of
when r → 0. As a result we obtain the Bethe numbers J 1 (θ) and J 2 (θ) which depend on the choice of θ. The following two graphs show J 1 (θ) (left) and J 2 (θ) (right) for the solution {i/2, −i/2} of N = 12.
We note that the sum
Main algorithm
We start from a given physical solution λ = (λ 1 , . . . , λ ℓ ) to the Bethe ansatz equations. We divide λ into subsets called strings. Here we say that S = {η 1 , . . . , η l }, (η j = a j + ib j ) forms a string if
By a result of Vladimirov [V] one can assume that η 1 = η l if l > 1. We define the real part of the string by Re(S) = Re(η 1 ). We take a component of the solution λ to the Bethe ansatz equations with maximal imaginary part and starting from that component we form a string of maximal length. To proceed, we erase the string created, and apply the above procedure for the remaining components of the solution λ. As a result we partition all component of the solution λ into a collection of distinct strings.
One of the main ingredients of our algorithm is the sum of the Bethe numbers corresponding to a string S
A striking feature of the quantity J(S) is that it exhibits very stable behavior even if individual Bethe numbers J η behave in a complicated way.
Example 2. Let us think about solutions of N = 12 which contain a 1-string and a 5-string. We arrange the solutions according to the real parts of the 5-strings. We depict the solutions on the complex plane with the Bethe's quantum numbers for each root. In solution #5 of the above example, we have the roots ±a (a ∈ R, a ≪ 1) near the origin. Although we cannot decide which root should belong to the 5-string, this ambiguity does not affect the following procedure. See solutions #6 and #16 of Section 5 for another type of such ambiguity which does not affect the procedure also.
Configuration
Starting from the solution λ, we divide it into strings S 1 , . . . , S p . Let the lengths of S k be l k . Then the partition ν which appears in the rigged configuration (ν, I) is ν = (l 1 , . . . , l p ) + . Here the symbol (l 1 , . . . , l p ) + denotes the decreasing order of numbers (l 1 , . . . , l p ).
Riggings
We determine the rigging corresponding to a string in the following way. If a string S satisfies Re(S) = 0, then the corresponding rigging is the half of the corresponding vacancy number. Otherwise consider the set of all solutions with a configuration ν, denoted by
To start with we compute all Bethe numbers for Sol(ν).
The main tool to construct bijection between the set of solutions to the Bethe ansatz equations and rigged configurations is the following string crossing rule. Let us consider a string S satisfying Re(S) > 0 and length n. Let S i 1 , . . . , S iq be strings such that
for k = 1, . . . , q. Similarly let S j 1 , . . . , S j q ′ be strings such that
Let us fix some ν i of the partition ν and denote the multiplicity of ν i by m. Let S (α) i α,k be the strings of length ν i within λ (α) . Here we assume that the strings of the same length ν i satisfy Re(S
Suppose that we have Re(S (α) iα,k ) > 0. Then the corresponding rigging is
If we have Re(S (α)
iα,k ) < 0, we can use the flip operation to obtain the rigging. Then our main conjecture is the following.
Conjecture 3. The above procedure gives one-to-one correspondence between the set of physical solutions to the Bethe ansatz equations and the rigged configurations.
We confirm the conjecture for the length 12 chain based on the numerical data by [GD] . As supplementary data, we provide plots of the solutions to the Bethe ansatz equations for N = 12 case (except for simpler ones). The solutions are arranged according to the real part of the largest string. For each solution, we assign the numbers corresponding to the solution numbers in [GD] .
Remark 4. Roughly speaking, the riggings represent positions of strings. Namely the larger rigging corresponds to the larger real part Re(S). In [S15] , we observed that in several examples we can readily read off the riggings if we arrange the solutions according to the real parts of the largest strings. We confirm that this algorithm works for all solutions of length 12 if the number of the strings is at most 3. In other cases, the appearance of the solutions in the ordered set of solutions becomes more complicated. Nevertheless we observe there is a strong relation between the riggings and the positions of the strings even in such case.
Explicit formulas for M
We expect that the numbers M depend only on the length N of the chain and the shape of the configuration ν. We make the following conjecture. If ν 2 < 3, we have
If ν 1 > 1 and ν 2 = 1, we have
We checked these formulas for length 12 chain.
Examples
We consider the case of ν = (3, 2, 1) and N = 12. Below we give a list of the solutions depicted on the complex plane which we arrange according to the real part of the 3-string.
To each root we provide the corresponding Bethe numbers. Following the diagrams we give tables of the explicit numerical values which we need in the computation of J. Note that the solution #11 contains a singular string. See also [S15, Section 5] for an alternative method to determine the riggings.
Group 1. Let us explain how our algorithm works for the examples listed.
3-strings. For solutions #1, . . . , #5, we have J = 21/2 since there are no shorter strings on the right of the 3-string.
In solution #6, we have two roots 0.38 ± 0.02i. We classify one of them to 1-string and the other to 3-string. In any case, 1-string is on the right of the 3-string. Thus we have J = 23/2 − ∆(3, 1) = 21/2. Similarly we have J = 21/2 in solution #7.
In solution #8, we haveJ = 21/2 since there are no shorter string on the right. In solutions #9 and #10 we have J = 25/2 − ∆(3, 2) = 21/2 since the 2-string is on the right of the 3-string.
In solution #11, the real part of the 3-string is 0. Thus the corresponding rigging is the half of the corresponding vacancy number P 3 (3, 2, 1) = 0, that is, the rigging is 0.
In solutions #12, . . . , #21, we have J < 0. Summarizing, we have M 3 = 21/2. Since we have J = ±21/2 (except for the solution #11), we conclude that the corresponding rigging is always 0.
2-strings. In solutions #1, . . . , #7, #12, #13, and #14, the real part of the 2-strings are negative.
In solution #8, we haveJ = 14/2 since the 3-string is on the right and the 1-string is on the left.
In solutions #9 and #10, we have J = 10/2 + ∆(2, 3) = 14/2 since the 3-string is on the left of the 2-string.
In solutions #15, . . . , #21, we have J = 12/2 + ∆(2, 3) = 16/2 since the 3-string is on the left of the 2-string. Note that the position of the 1-string does not affect J since we have ∆(2, 1) = 0.
To summarize, we have M 2 = 16/2. Thus the riggings for the two strings are 0 for solutions in Group 1, 1 for solutions in Group 2 and 2 for the solutions in Group 3. 1-strings. By a similar argument we see that M 1 = 7/2. Then the riggings for each group is 1, 2, . . . , 6 from the smaller solutions number to the larger solutions number.
The resulting rigged configurations agree with the ones obtained by a geometrical argument [S15] or by the computation of Takahashi's quantum numbers [GD] (see also [DG14] ).
Remark 5. The above example reminds us about the box-ball system (see [S12] for a review). The box-ball system is a discrete soliton system where solitons are "crystal" analogue of magnons. One of the important properties is that the rigged configurations provide action and angle variables of the box-ball system. In this picture each row ν i of the configuration ν represents a soliton of the same length. If we look at the above examples, it is tempting to consider them as a propagation of the string of solutions where scattering of strings yields a phase shift ∆(m, n) = m + n − 2. Note that the phase shift in the case of the box-ball system is min(m, n) for the scattering of lengths m and n solitons. It will be interesting to remark that in the box-ball system the crystal analogue of the transfer matrices, which provides the quantum integrability of the box-ball system, generates the corresponding rigged configurations which are dynamical variables if we regard the box-ball system as classical integrable system [S07] .
